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A Supplement, Spherical harmonics

Orthonormal spherical harmonics with complex values Y m` (ϑ, ϕ), ` = 0, 1, 2, . . ., m =
−`,−`+ 1, . . .− 1, 0, 1, . . . , `− 1, ` of degree ` and order m (rank ` and projection m)

Y m` (ϑ, ϕ) = (−1)
m

√
2`+ 1

4π

(`−m)!

(`+m)!
Pm` (cosϑ) eimϕ, ϕ ∈ [0, 2π] , ϑ ∈ [0, π] , (1)

where Pm` denotes associated normalized Legendre function of the first kind. The spherical har-
monics are eigenfunctions of the square of the orbital angular momentum operator.

Y 0
` (ϑ, ϕ) =

√
2`+ 1

4π
P` (cosϑ) , (2)

Y 0
0 (ϑ, ϕ) =

√
1

4π
,

more over

Y m`

(
Ñ
)

= δm,0

√
2`+ 1

4π
. (3)

Y m` is fully normalized ∫ 2π

0

∫ π

0

|Y m` (ϑ, ϕ)|2 sinϑdϑdϕ = 1.
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Some detailed account of spherical harmonics Y m` can be found in [? ] and [? ].
some authors do not apply 1/

√
4π in the definition of Y m` , also for a sphere with radius R spherical

harmonics are normalized additionally Y m` (ϑ, ϕ) /R. It also follows

Y m∗` (ϑ, ϕ) = Y m` (ϑ,−ϕ)

= (−1)
m
Y −m` (ϑ, ϕ) ,

Y −m` (ϑ, ϕ) = (−1)
m
e−i2mϕY m` (ϑ, ϕ) .

Inversion x̃→ −x̃, (ϑ, ϕ)→ (π − ϑ, π + ϕ)

Y m` (−x̃) = (−1)
`
Y m` (x̃) . (4)

Addition formula (see [? ], 8.814,[? ], 11.4(8)),

∑̀
m=−`

Y m∗` (x̃1)Y m` (x̃2) =
2`+ 1

4π
P` (cosϑ) , (5)

where cosϑ = x̃1 · x̃2. ∑̀
m=−`

Y m∗` (x̃)Y m` (x̃) =
2`+ 1

4π
, (6)

B Supplement, MATLAB Scripts for Figures

In this section we list all the MATLAB Scripts of Figures contained in the paper

MATLAB Script of Figure 2

1 pV1 = [0.1, 0.1, 0.43, 0.82]; pV2 = [0.5, 0.1, 0.43, 0.82];
2 Psi=0; Mu= [0,0,1]; resolution=100; gamm=6.364; bet1=4.5; bet2=1.5;
3 figure( 'Position',[1 1 756 343])
4 subplot('Position',pV1); gx5 = Density\ FB5(gamm,bet1,Mu,Psi,resolution);
5 subplot('Position',pV2); gx5 = Density FB5(gamm, bet2,Mu,Psi,resolution);

MATLAB Script of Figure 3

1 Mu= [0,0,1]; Psi=0; resolution=100;
2 pV1 = [0.05,0.1,0.28,0.82];pV2 = [0.38,0.1,0.28,0.82];pV3 = [0.69,0.1,0.28,0.82];
3 figure( 'Position',[300 300 1300 343])
4 subplot('Position',pV1); gx6 = Density FB6(0,3.2,−1.1,Mu,Psi,resolution);
5 subplot('Position',pV2); gx6 = Density FB6(0,3.2,3.2,Mu,Psi,resolution);
6 subplot('Position',pV3); gx6 = Density FB6(0,3.2,4.1,Mu,Psi,resolution);
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MATLAB Script of Figure 4

1 n=2\ˆ12; nSide= 2$ˆ$3; nPix= nSide2nPix(nSide);
2 Y = Random Uni Inv(n);
3 hY = Hist2DSphere(Y,nPix);
4 pV1 = [0.1,0.1,0.3,0.82]; pV2 = [0.5,0.1,0.43,0.82];
5 figure( 'Position',[1 1 756 343])
6 subplot('Position',pV1); Plot DataRandomS2(Y);
7 subplot('Position',pV2); Plot Hist2DSphere(hY);

MATLAB Script of Figure 5

1 n=2ˆ12; nSide=2ˆ3; nPix= nSide2nPix(nSide); resolution=100;
2 MuB=[1,−1,1]; betB =4.5 ; PsiB= pi/2;
3 Y = Random FB4 Beta GyT( betB,MuB,PsiB,n);
4 hY=Hist2DSphere(Y,nPix);
5 pV1 = [0.05,0.1,0.3, 0.82]; pV2 = [0.4,0.1,0.22,0.82]; pV3 = [0.67,0.1,0.3,0.82];
6 figure( 'Position',[300 300 1300 343])
7 subplot('Position',pV1); dx = Density FB4 Beta(betB,MuB,PsiB);
8 subplot('Position',pV2); Plot DataRandomS2(Y);
9 subplot('Position',pV3); Plot Hist2DSphere(hY);

MATLAB Script of Figure 6

1 n=2ˆ12; nSide=2ˆ3; nPix= nSide2nPix(nSide); resolution=100;
2 kappaK = 5 ; betK =2 ; MuK=[−0.9 −1 .2]; PsiK= 0;
3 Y = Random FB5 GyT(kappaK,betK,MuK,PsiK,n);
4 hY=Hist2DSphere(Y,nPix);
5 pV1 = [0.05,0.1,0.3, 0.82]; pV2 = [0.4,0.1,0.22,0.82]; pV3 = [0.67,0.1,0.3,0.82];
6 figure( 'Position',[300 300 1300 343])
7 subplot('Position',pV1); gx5 = Density FB5(kappaK ,betK,MuK,PsiK,resolution);
8 subplot('Position',pV2); Plot DataRandomS2(Y);
9 subplot('Position',pV3); Plot Hist2DSphere(hY);

MATLAB Script of Figure 7

1 n=2ˆ12; nSide=2ˆ3; nPix= nSide2nPix(nSide); resolution=100;
2 kappaK = 5 ; betK =5 ; MuK=[−.5 0 .5]; PsiK= pi/4;
3 Y = Random FB5 GyT(kappaK,betK,MuK,PsiK,n);
4 hY=Hist2DSphere(Y,nPix);
5 pV1 = [0.05,0.1,0.3, 0.82]; pV2 = [0.4,0.1,0.22,0.82]; pV3 = [0.67,0.1,0.3,0.82];
6 figure( 'Position',[300 300 1300 343])
7 subplot('Position',pV1); gx5 = Density FB5(kappaK ,betK,MuK,PsiK,resolution);
8 subplot('Position',pV2); Plot DataRandomS2(Y);
9 subplot('Position',pV3); Plot Hist2DSphere(hY);
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MATLAB Script of Figure 8

1 n=2ˆ12; nSide=2ˆ3; nPix= nSide2nPix(nSide); resolution=100;
2 Psi6= 0; Mu6= [1,−1,1]; kappa6 = 1.5; bet6 = .61 ; gamm6 = −0.31;
3 pV1 = [0.05,0.1,0.3,0.82]; pV2 = [0.4,0.1,0.22,0.82]; pV3 = [0.67,0.1,0.3,0.82];
4 Y = Random FB6( kappa6,bet6,0,Mu6,Psi6,n);
5 hY=Hist2DSphere(Y,nPix);
6 figure( 'Position',[300 300 1300 343])
7 subplot('Position',pV1);
8 gx6 = Density FB6(kappa6,bet6,gamm6,Mu6,Psi6,resolution);
9 subplot('Position',pV2); Plot DataRandomS2(Y);

10 subplot('Position',pV3); Plot Hist2DSphere(hY);

MATLAB Script of Figure 9

1 pV1 = [0.05,0.1,0.28,0.82];pV2 = [0.38,0.1,0.28,0.82];pV3 = [0.69,0.1,0.28,0.82];
2 figure( 'Position',[300 300 1300 343]); Real=true;
3 subplot('Position',pV1);
4 px = Density SphHarm(4, 1, Real);
5 subplot('Position',pV2);
6 px = Density SphHarm(4, 2, Real);
7 subplot('Position',pV3);
8 px = Density SphHarm(4, 3, Real);

MATLAB Script of Figure 10

1 n=2ˆ12; nSide=2ˆ3; nPix= nSide2nPix(nSide);
2 L=3; m=2; Mu=[1 −1 1];Psi=pi/2; Real=false;
3 Y = Random Y3 2Compl square( Mu,n);
4 hY=Hist2DSphere(Y,nPix);
5 pV1 = [0.05,0.1,0.3,0.82]; pV2 = [0.4,0.1,0.22,0.82]; pV3 = [0.67,0.1, 0.3,0.82];
6 figure( 'Position',[300 300 1300 343])
7 subplot('Position',pV1); px = Density SphHarm(L, m,Real);
8 subplot('Position',pV2); Plot DataRandomS2(Y);
9 subplot('Position',pV3); Plot Hist2DSphere(hY);

MATLAB Script of Figure 11

1 n=2ˆ12; nSide=2ˆ3; nPix= nSide2nPix(nSide);
2 L=3; m=2; Mu=[1 −1 1];Psi=pi/2; Real=true;
3 Y = Random Y3 2Real square( Mu,Psi,n);
4 hY=Hist2DSphere(Y,nPix);
5 pV1 = [0.05,0.1,0.3,0.82]; pV2 = [0.4,0.1,0.22,0.82]; pV3 = [0.67,0.1, 0.3,0.82];
6 figure( 'Position',[300 300 1300 343])
7 subplot('Position',pV1); px = Density SphHarm(L, m,Real);
8 subplot('Position',pV2); Plot DataRandomS2(Y);
9 subplot('Position',pV3); Plot Hist2DSphere(hY);
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MATLAB Script of Figure 12

1 n=2ˆ13; nSide=2ˆ3; nPix= nSide2nPix(nSide); Mu=[0 0 1]; Psi= pi/2;
2 pV1 = [0.05,0.1, 0.3,0.82]; pV2 = [0.4,0.1,0.22,0.82]; pV3 = [0.67,0.1,0.3,0.82];
3 Y = Random U Distr(Mu, n);
4 hY=Hist2DSphere(Y,nPix);
5 figure( 'Position',[300 300 1300 343])
6 subplot('Position',pV1); gx = Density U(Mu,Psi);
7 subplot('Position',pV2); Plot DataRandomS2(Y);
8 subplot('Position',pV3); Plot Hist2DSphere(hY);
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C Supplement, Algorithms

In this section we list all the algorithms of our paper scripted in a MATLAB package ’3D-Directional
Statistics, Simulation and Visualization’. We introduce the indicator function 1A = 1 if A is true
otherwise it is 0.

Algorithm 1 Rotation

Require: µ̃ ∈ S2 and ψ ∈ [0, 2π] are given
Ensure: Rotated frame of reference
1: Calculate Ñ× µ̃ the #1 axis of rotation

2: Rotate Ñ to µ̃

3: Use µ̃ = Ñ for the #2 axis of rotation and rotate the sphere by the angle ψ.
{ If only µ̃ is given, this algorithm simplifies to steps 1. and 2 or set ψ = 0.}

Algorithm 2 Rejection

Require: fX (x) (evaluable), h (y) (samplable), and proportionality constant c are given
Ensure: Variate X is distributed according to density fX (x)
1: Generate two random variates Y and U , from h (y) and Unif (0, 1) respectively
2: if U ≤ g(Y ) = fX(Y )/ (c · h(Y )) then
3: return X = Y as a variate generated from fX
4: else
5: reject Y and go to 1
6: end if

Algorithm 3 Random vMF Inv

Require: κ ∈ R is given
Ensure: Variate Ỹ is distributed according to the von Mises-Fisher distribution, vMF (κ)
1: Generate independent U1, U2 from Unif (0, 1)
2: Calculate X = cos Θ, by

X =
log (2U1 sinhκ+ e−κ)

κ

3: Calculate longitude Φ = 2πU2

4: return Ỹ =
(√

1−X2 cos (Φ) ,
√

1−X2 sin (Φ) , X
)>

.
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Algorithm 4 Random vMF Wood

Require: κ and d ≥ 2 are given
Ensure: Variate X̃ is distributed according to the von Mises-Fisher distribution, vMF (κ)on Sd−1
1: Set

b =
−2κ+

√
4κ2 + (d− 1)

2

d− 1
,

x0 =
1− b
1 + b

,

c = κx0 + (d− 1) log
(
1− x20

)
2: Generate variate B from Beta(α, β) with shape parameters given by

α = (d− 1) /2, β = (d− 1) /2,

3: Calculate

X =
1− (1 + b)B

1− (1− b)B
,

and generate U from Unif (0, 1)
4: if κX + (d− 1) log (1− x0X)− c < logU then
5: go to step 2.
6: else
7: Generate a d− 1−dimensional spherical uniform vector W ,

8: return X̃ =
(√

1−X2W>, X
)>

.
9: end if

7



Algorithm 5 Random Watson Fish

Require: γ ∈ R is given
Ensure: Variate Ỹ is distributed according to the Dimroth-Watson distribution, DW (γ)
1: if γ > 0 , (Bipolar) then
2: Set c = 1/ (eγ − 1)
3: Generate independent U1, U2 and U from Unif (0, 1)
4: Set X = (log (U1/c+ 1)) /γ
5: if U2 ≤ exp

(
γX2 − γX

)
then

6: X =
(
1U<1/2 − 1U≥1/2

)
X, {Since X is positive and the density is symmetric to the equa-

tor}
7: Φ = 2πU2

8: return Ỹ =
(√

1−X2 cos (Φ) ,
√

1−X2 sin (Φ) , X
)

9: else
10: go to step 3.
11: end if
12: else {γ < 0, (Girdle)}
13: Set c1 =

√
|γ|, c2 = arctan c1.

14: Generate independent U1, U2 and U from Unif (0, 1)
15: Set X = (1/c1) tan (U1c2)
16: if U2 ≤

(
1− γX2

)
exp

(
γX2

)
then

17: X =
(
1U<1/2 − 1U≥1/2

)
X; {Since S is positive and the density is symmetric to the equa-

tor}
18: Φ = 2πU0,

19: return Ỹ =
(√

1−X2 cos (Φ) ,
√

1−X2 sin (Φ) , X
)>
.

20: else
21: go to step 13.
22: end if
23: end if
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Algorithm 6 Random Watson LW

Require: γ ∈ R is given
Ensure: Variate Ỹ is distributed according to the Dimroth-Watson distribution, DW (γ)
1: if γ > 0 , (Bipolar) then
2: Set

ρ =
4γ

2γ + 3 +

√
(2γ + 3)

2 − 16γ
, r =

(
3ρ

2γ

)3

e−3+2γ/ρ,

3: Generate independent U1 and U2 from Unif (0, 1)
4: Set

S =
U2
1

1− ρ (1− U2
0 )
, V =

rU2
2

(1− ρS)
3 ,W = γS,

5: if V ≤ e2W then
6: Put Θ = arccos

√
S

7: Generate U3 from Unif (0, 1)
8: Calculate

X = cos1U3<1/2 (π −Θ) , Φ = 4π1U3<1/2U3 + 2π (2U3 − 1) ,

9: else
10: go to step 3.
11: end if
12: return Ỹ =

(√
1−X2 cos (Φ) ,

√
1−X2 sin (Φ) , X

)>
.

13: else {γ < 0, (Girdle) }
14: Set b = e2γ − 1,

{ Begin, generate variates Xk from trucated normal distribution}
15: Generate independent U1, U2 from Unif (0, 1)
16: Set V = ln (1 + U1b) /γ, ξ = 2πU2 and c = cos ξ
17: Set S1 = V c2, and S2 = V − S1

18: if either S1 > 1 or S2 > 1 then
19: go to step 15.
20: else
21: Set X1 =

√
V c, X2 = sin ξ

22: end if
{End of Generation Xk }

23: Generate independent U4, U5 from Unif (0, 1)
24: Calculate Φ1 = 2πU4, Φ2 = 2πU5

25: return

Ỹ 1 =

(√
1−X2

1 cos (Φ) ,
√

1−X2
1 sin (Φ) , X1

)>
,

Ỹ 2 =

(√
1−X2

2 cos (Φ) ,
√

1−X2
2 sin (Φ) , X2

)>
,

two independent variates from DW distribution.
26: end if

9



Algorithm 7 Random FB4

Require: κ, γ are given
Ensure: Variate Ỹ is distributed according to the Fisher-Bingham4 (GFB4) distribution
1: if γ < 0 then
2: if 0 ≤ κ ≤ −2γ then
3: Generate Z from normal N (−κ/2γ,−1/2γ)
4: if Z ∈ [−1, 1] then
5: Generate U1 from Unif (0, 1)
6: Set Φ = 2πU1,

7: return Ỹ =
(√

1− Z2 cos (Φ) ,
√

1− Z2 sin (Φ) , Z
)>

8: else
9: Reject Z and go to 3

10: end if
11: else
12: Generate U from Unif (0, 1)
13: Generate X from vMF (κ+ 2γ)
14: if U ≤ eγ exp

(
γ
(
X2 − 2X

))
then

15: Generate U2 from Unif (0, 1)
16: Set Φ = 2πU2,

17: return Ỹ =
(√

1−X2 cos (Φ) ,
√

1−X2 sin (Φ) , X
)>

.
18: else
19: reject X and go to 12
20: end if
21: end if
22: else if γ > 0 then
23: Set

cκ =
κ

2π (eγ − e−γx)
, p1 =

cκ+γ
cκ+γ + cκ−γ

,

24: Generate independent U and U1 from Unif (0, 1)
25: Generate independent X1 and X2 from vMF with parameters κ− γ, and κ+ γ respectively
26: Calculate the mixture X,

X = 1U1≤p1X1 + 1U1>p1X2,

27: if

U ≤
(
1 + e−2γ

) eγX
2

eγX + e−γX
.

then
28: Generate U3 with uniform distribution
29: set Φ = 2πU3,

30: return Ỹ =
(√

1−X2 cos (Φ) ,
√

1−X2 sin (Φ) , X
)>

.
31: else
32: reject X and go to 24
33: end if
34: else
35: γ = 0, generate vMF (κ)
36: end if
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Algorithm 8 Random FB4 Beta

Require: β 6= 0 is given
Ensure: Variate Ỹ is distributed according to the GFB4,β distribution
1: Calculate

c− =

∫ 1

−1
e−βx

2

dx ; c+ =

∫ 1

−1
eβx

2

dx

c = eβc− + e−βc+ ; p1 = eβc−/c

2: Generate independent U1 and U2 from Unif (0, 1)
3: Generate independent V1 and V2 from DW with parameters β and −β respectively
4: Set V = (1U1<p1)V1 + (1− 1U1<p1)V2
5: if U2 ≤ I0

(
β
(
1− V 2

))
/ cosh

(
β
(
1− V 2

))
then

6: Set X = cos Θ, by X = V,
7: else
8: go to step 2
9: end if

10: Use Algorithm 9 with β
(
1−X2

)
to get Φ

11: return Ỹ =
(√

1−X2 cos (Φ) ,
√

1−X2 sin (Φ) , X
)>

Algorithm 9 vMF Circ Phi

Require: β 6= 0 and x
Ensure: Variate Φ distributed vMF on S1 extended to [0, 2π]
1: Generate random variate Φ1 from vMF

(
β
(
1− x2

))
, on S1

2: Generate random variate U uniformly distributed on integers (1, 2, 3, 4)
3: return Φ = (1U=1 + 1U=3) Φ + (1U=2 + 1U=3)π − (1U=2 + 1U=4) Φ + 2π1U=4
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Algorithm 10 Random FB5 Kent

Require: β ≥ 0, κ ≥ 0 are given such that we have the case where, 2β ≤ κ (equal-area projection),
for κ < 0, we use |κ| and transform back in a final step

Ensure: Variate Ỹ is distributed according to the Kent distribution (Model GFB5,K)
1: Set

a = 4κ− 8β ; b = 4κ+ 8β ; γ = 8β

λ1 =
√
a+ 2

√
γ ; λ2 =

√
b ; c2 = b/8κ

2: Generate independent U1 and U2 from Unif (0, 1)
3: Generate independent R1 and R2 from exponential distribution with parameters λ1 and λ2

respectively
4: if U1 ≤ exp

(
−
(
aR2

1 + λ1R
4
1

)
/2 + λ1R1 − 1

)
then

5: Accept R1

6: else
7: go to step 3
8: end if
9: if U2 ≤ exp

(
−
(
bR2

2 − γR4
2

)
/2 + λ2R2 − c2

)
then

10: Accept R2

11: else
12: go to step 3
13: end if
14: if R2

1 +R2
2 < 1 then

15: Accept (R1, R2)
16: else
17: go to step 3
18: end if
19: Using trigonometric identities

cosϑ = 1− 2
(
R2

1 +R2
2

)
, sinϕ =

R2√
R2

1 +R2
2

, cosϕ =
R1√

R2
1 +R2

2

,

calculate

X = 1− 2
(
R2

1 +R2
2

)
; Sϕ =

R2√
R2

1 +R2
2

; Cϕ =
R1√

R2
1 +R2

2

,

20: return Ỹ =
(√

1−X2Cϕ,
√

1−X2Sϕ, X
)>
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Algorithm 11 Random FB5 GyT

Require: β ≥ 0, κ ≥ 0 are given, for κ < 0, we use |κ| and transform back in a final step

Ensure: Variate Ỹ is distributed according to the Kent distribution (Model GFB5,K)
1: if 2β ≤ κ then
2: Set: α1 = κ− 2β ; α2 = κ+ 2β ; σ2

1 = 1/
(
4α1 +

√
8β
)

; σ2
2 = 1/4κ

3: Generate U1 from Unif (0, 1) and Z1 from normal N (0, σ2
1)

4: if U1 ≤ exp
(
−
(
2α1Z

2
1 + 4βZ4

1

)
− 1

2 +
(
2α1 +

√
8β
)
Z2
1

)
then

5: Accept Z1

6: else
7: go to step 2
8: end if
9: Generate U2 from Unif (0, 1) and Z2 from normal N (0, σ2

2)
10: if U2 ≤ exp

(
−
(
2α2Z

2
2 + 4βZ4

2

)
+ (2α2 − 4β)Z2

2

)
then

11: Accept Z2

12: else
13: go to step 9
14: end if
15: if Z2

1 + Z2
2 < 1 then

16: go to step 37
17: else
18: go to step 2
19: end if
20: else
21: Set α1 = κ− 2β; α2 = κ+ 2β; η = 1− κ/(2β); y0 =

√
η/2; py0 = (β/2)η2;

σ2
1 = 1/2βη ; σ2

2 = 1/4κ.
22: Generate U1 from Unif (0, 1) and Z1 from normal, N (y0, σ

2
1)

23: if U1 ≤ exp
(
−
(
2α1Z

2
1 + 4βZ4

1

)
+ βη (Z1 − y0)

2 − 2py0

)
then

24: Accept Z1

25: else
26: go to step 22
27: end if
28: Generate U from Unif (0, 1)
29: Set Z1 = Z1

(
1U<1/2 − 1U≥1/2

)
30: Generate U2 from Unif (0, 1) and Z2 from normal, N (py0 , σ

2
2)

31: if U4 ≤ exp
(
−
(
α2R

2
2 + 4βR4

2

)
+ (2α2 − 4β)Z2

2

)
then

32: Accept Z2

33: else
34: go to step 27
35: end if
36: if Z2

1 + Z2
2 < 1 then

37: Using trigonometric identities, calculate
X = 1− 2

(
Z2
1 + Z2

2

)
; Sϕ = Z2/

√
Z2
1 + Z2

2 ; Cϕ = Z1/
√
Z2
1 + Z2

2 ,

38: return Ỹ =
(√

1−X2Cϕ,
√

1−X2Sϕ, X
)>

.
39: else
40: go to step 22
41: end if
42: end if
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Algorithm 12 Random FB6

Require: κ ≥ 0, β 6= 0, and γ ∈ R are given
Ensure: Variate Ỹ is distributed according to the Fisher-Bingham6 distribution (Model GFB6)
1: Calculate

c− =

∫ 1

−1
eκx+(γ−β)x2

dx; c+ =

∫ 1

−1
eκx+(γ+β)x2

dx

c6 = eβc− + e−βc+, p1 =
eβc−
c6

2: Generate independent U1 and U2 from Unif (0, 1)
3: Generate independent V1 and V2 from GFB4 distribution on the sphere with parameters

(κ, γ − β) and (κ, γ + β) respectively
4: Set V = (1U1<p1)V1 + (1− 1U1<p1)V2
5: if U2 ≤ I0

(
β
(
1− V 2

))
/ cosh

(
β
(
1− V 2

))
then

6: X = V
7: else
8: go to step 2
9: end if

10: Use Algorithm 9 with β
(
1− V 2

)
to get Φ

11: return Ỹ =
(√

1−X2 cos (Φ) ,
√

1−X2 sin (Φ) , X
)>

.
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Algorithm 13 Random Y3 2Compl square

Require: n ∈ N is given (sample size)

Ensure: Variate Ỹ distributed according to the distribution characterized by
∣∣Y 2

3 (x̃)
∣∣2

{ Use a Beta envelope for generating X with the density 2f23 (u) where u ∈ (0, 1) }
1: Generate U1 from Unif (0, 1)
2: Generate variate B from Beta(α, β) distribution with shape parameters given by

α = 3.08, β = 2.5249,

3: if

U1 >
2g23 (B)

b (B,α, β)
.

then
4: go to step 1
5: else
6: Accept X = B with acceptance ratio c−1 = 1/1.074 = 0.9311.
7: end if
{ End of genereation of X }

8: Generate U from Unif (0, 1)
9: Set X = X

(
1U<1/2 − 1U≥1/2

)
10: Generate independent Z1 and Z2 from standard normal, N (0, 1)
11: Calculate variate W , from the uniform distribution on circle, given by

W =

(
Z1/

√
Z2
1 + Z2

2 , Z2/
√
Z2
1 + Z2

2

)>
,

12: return Ỹ =
(√

1−X2W,X
)>
.
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Algorithm 14 Random Y3 2Real squared

Require: n ∈ N is given (sample size)

Ensure: Variate Ỹ distributed according to the distribution characterized by

f (x̃) ∼= P 2
3 (cosϑ)

2
cos2 2ϕ

1: Generate X by as in Algorithm 13,
{ Simulate Φ by density cos2Kϕ. on [0, 2π] }

2: Generate variate B from Beta(α, β) with shape parameters given by

α = 3/2 , β = 1/2

with density b(x, α, β)
3: Calculate Φ = arccos

√
B ∈ [0, π/2],

4: Generate variate U from Unif (0, 1)
5: Generate variate K from Discrete Uniform on the set {1, 2, 3, 4}
6: Set

Φ = Φ (1K=1 + 1K=2 − 1K=3 − 1K=4) + π (1K=2 − 21K=3 + 1K=4) +
(
1U<1/2

)
2π,

Φ = Φ/2,

7: return Ỹ =
(√

1−X2 cos (Φ) ,
√

1−X2 sin (Φ) , X
)>

.
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